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INTRODUCTION

IN the usual formulation of X? statistic in the uniparametric case, the
different classes in which the sample observations are grouped are
fixed arbitrarily in advance and the sample is replaced by its frequency
classification as determined "by these classes. In doing this, a part
of the information supplied by the individual sample observations is
lost. An attempt was made by Lehman and Chernoff! to restore this

information by using the maximum likelihood estimate f of the para-
meter § in the population form. They obtained an estimate of the
probability of a single observation falling in the i-th class interval

S, (i=1,2, k) by snbstltutlng 6 for 0 in this probability and

* . constructed the statlstlc

where m; is the number of sample observations falling in S; and 7 is
the number of sample observations. The asymptotic distribution of

R, as n—>oo is given as
k~2

'-21 yi& 4+ A% . ) )

where
ys(@i=1,2,..., k—1)

are independently and normally distributed with mean O and- variance
1, and A is a constant between O and 1. It is to be mentioned that
A may depend on 4 and therefore the distribution is not known to
that extent,
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The arbitrariness in the definition of the class intervals giving the

frequency structure of the sample is retained in Rn. This was removed
by Roy? by defining the class intervals S;’s in terms of the sample

observations. Let 6 be an estimate of 6 based on a random sample
of »n independent observations

X1s Xgs « o0y Xy

with the property that there exists a function f such that

N

a~ 1 =
I—0=23" 10+
a=1l
where

© e=0, () } ©)

(i) E[f(x)] =0 for all 4,
and

(iii) Var. [f(x)] is finite for all 6.

J

Then S; is defined in terms of the estimate 6. Let

pi* (8) = p {xeS; (6))0 = 6} )
where x is independent of the observations in the original sample,
i.e., pi* (0) is the probability of x lying in S, (§) when 0 takes the value
8.

Then constructing the statistic

b ~
— * 2
-Rn* — {m6 np; A(0)} (4)
i=1 np;* (6)
where m; is the number of sample observations x5, e =1,2, ..., n
falling in Si(OS, Roy has proved? that the asymptotic distribution of
R,* is given by
k—2

Ty Xy | C5)

‘where y’s(i=1, ...,k — 1) are independently and normally distri-
buted with mean 0 and variance 1 and X’ is a constant lying between
0 and 1, Tt has been seen that A’ can be made independent of 6 whep
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0 is either a location or a scale parameter, by suitably defining S;’s
in terms of

It may be pointed out that the above result holds, subject to the

condition that 8 is expressed as at (3). Such estimates exist, e.g., maxi-

‘mum likelihood estimates. In this paper the asymptotic distribution
of R,* as defined at (4) is derived by defining the class intervals
S’s(i=1,2, ..., k)in terms of the sample median which is an esti-
mate of 6 not satisfying the property (3). This is done for the normal
population with unknown mean, and known variance. It is seen that the
asymptotic distribution of R,* is not’ of the form as at (5) except in
a special case, but it is still independent of the mean.

2. ASYMPTOTIC DISTRIBUTION OF R,*

Consider any normally distributed population N (6, 1) with un-
known mean 6 and variance unity with three groups defined in terms
of the median X of a random sample of n observations

XS, a=1,2, ..., n

Then the asymptotic distribution® of % is normal with mean 6 and
variance

T , - . L

n ie., x——O—OP(Vn).
Let the range of x, viz., (— oo, oo) be divided into the following
three class intervals ,

(— oo, ¥+ a), (¥+a, %+ b) and (X + b, o0)
where.
a<o<bh.

We then obtain,
* (%)= 7r. where =, = F(a) = LS A
D =1 1 75) '»

pE@=m  w m=FO—F@ . [©

' hnd

pE@ =m ., m=1—F(@). _ )
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It is clear that ' _
m + 7 + 773":. L. . ' - ' | (M
- Again, we have by? ' '

mo= ) b b G O e o, (Wi (®)
a=1
where
' _ (1 whenxa 0 4+a )
by (xg) = ¢ - fora=1,2...,n
LO otherwxse
Now

R [Z {by (xa) — ma} - ne 2 (3 — o)]

+ 0, (D). JO)
" Then the 'asymptti‘tié variance of - '

my — np,* (X)
\v/n

m(1=m) + 5+ [2 e E {(x -0 ) (x;)}, .

To evaluate the last term in (10) consider a function

is

1 when x— 0 <a

0 otherwise ° E

g1 (x = 0) = by () = {

and let

1Y |
U,= EZ& (xa:ff 0)-
a=1 )

We now obtain from the joint distribution of. 4/n (¥ — ) and
v/n (U; — ;) as discussed® in and obtain therefrom

£ { —_-;(iz‘le;;o@} = A[3m+0, ( ) o
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and therefore (10) gives
m, — np* (%
Asymp. Var. ((1—\%1—@) =y (1 — 2my) + s (12)
where
py = /% — 2my.

Similarly we can obtain

My — NPy

Asymp. Var. (“—T/?ik@) =m(l— 2771') + w3 (1 — 7y)

+ % ue? (13)
where
fo = g b2 __ o2 — 2my + 2my
and
— np* (% )
Asymp. Var. (=IO oy (1 - 2m) + 4 (19)
where ‘
py = 2my — ™2,

It is obvious that
prt gt pa=0. 3 (15)

Proceeding on the same line as for asymptotic variances, the
asymptotic covariance of :

m, — ”P1*_(5'C_) and my — npy* (X)

Vn ) \/n_

is obtained as

) my — np * (%)  my—npy* (%)
Asymp. Cov. ( Vi s v )

= —m (1 — 2my) + Fpqp, (16)
the asymptotic covariance of '

my — npy* (%) 7 Mg — np;* (X)
e AV e
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as

my — npi* (%) m—wﬁ@)J |
Asymp. Cov.( v ) vn = Fmps, (A7)
and the asymptotic covariance of

"Pz* (x) my — npg* (%)

e and . vn

as

. . my — np* (X) m3 — npa* ()
Asymp. Cov. ( Vn E )

= — s (1 = 2m5) + puas (8)

Therefore, the asymptotlc covariance functlon of

(ml —np* (X)) mp — np,* (X))  my — nps* (3‘)\
vV ? V4 ? /n ¥

is given by
7y (1—2my) — g (1—2my) THke
+im? +ipipe
- +pe +hp? 3oy
‘ FMaMs — T3 (1_2773) + 21{:“«2!*3 3 (1— —2my)
' +4#3

where all rows and all columns add to 0.

The asymptotic distribution of R,* depends on the characterlstlc
roots of the matrix P~ X P? where -

]
l Z | mm=2my my (1=2m) + 73 1—2m))  — @y (1—2my)
|
l
|

m™ 0 0 .
P=| 0 m 0 . ‘ (20)
0 0 g

The characteristic roots of P~ 5 P* are the roots of the equation
|Z—xP|=0 S (21)

since P is non-singular. One root is 'obviously 0. The other two
roots are the roots of the quadratic equation

Ax2— Bx + C=0 : —_— (@)

-(19)
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where
A = mymyms,
B = 2mymyPmy + mmy (my — 2my® + w3 — 2my?)
’ 2 2 2
1. e D o M o3
~+ Fymamy (_”1‘ + -, + 77_3) s
and

C = mymy (1 — 2my) (1 —2m5) + dps’my (1 — 2my)
+ &Py (1 — 2my).
Equation (22) after some simplification can be expressed as
Ax* — {4 + C+ } (mps + mp)B x + C =0, (23)

Let the roots be A; and A,. Then the asymptotic distribution of
R,* by? is given by

Myi® + Ay, ' (24)

where y; and y, are independently and normally distributed with mean

0 and variance 1. Since 4, B, C> 0, both the roots of the equation
(22) or (23) are non-negative and moreover, since

B= A+ C+mp+mu)? >4+ C.

‘One root of (23) is > 1, equality holding when B= A + C, and the - -
other < 1. But B= 4+ C, if and only if

>”f'1l"'3 + g =0 ' (25)
which is again true if and only if ’
—a=h. ' '

This is the symmetrical case for which
py = — pg = p* (say)

m = m, = ¥ (say).
In this case one of the two non-zero roots is 1 .and the other is

A*%I;ZW*'+2LLF.

The asymptotic distribution of R,* is therefore S
»? o+ M o e

conforniing to the case where 8 is of the form 3. -~
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The case where b>a> 0 or a <-b <0 can be discussed ana-
logously and it is seen. that in these cases also one of the.characteristic
roots is zero, while the other two are positive, one being greater than
1 and the other less than 1. This confirms that the general form of
the asymptotic distribution of R *'is as (24). It is interesting to note
that one of the A values in (24) is always greater than 1 in asymmetric
cases.

3. ILLUSTRATIONS

" Ilustrations in support of the above results are given by actually
computing the different roots in the particular cases where

a=—1, b=20-5 (a<0<b)

and
a=20-5, b=1 - (b>a>0).

We get the two non-zero roots in the former case as
A, = 1-0558, A, = 06240

and in the latter as

A =1:0894, A, = 0-6225.

A generalisation of the problem by dividing the range into k
intervals can be done likewise.

SUMMARY

x>-statistic with classes based on random variables has "been
defined by A. R. Roy in Technical Report No. 1, Stanford University,
1955, entitled ‘On x%-statistics with variable intervals’ and its distri-
bution has been considered when the random variables defining the
classes follow certain properties. These properties are essentially
those satisfied by the maximum likelihood estimates. An attempt
has been made in this paper to find the distribution of the x2-statistic
when the random variables defining the classes do not possess the
above properties. This has been done by considering normal popula-
tion with class intervals defined in terms of the. sample median. The
distribution so obtained is different from that based on the classes
defined by the sample mean which follows the properties mentioned
above.

7
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